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DERIVATION OF A NEW FORMULA FOR THE NUMBER OF
MINIMAL LATTICE PATHS FROM (o, 0) TO (km, kn) HAVING
JUST ¢ CONTACTS WITH THE LINE my=nx AND HAVING
NO POINTS ABOVE THIS LINE; AND A PROOF OF GROSS-
MAN’S FORMULA FOR THE NUMBER OF PATHS WHICH
MAY TOUCH BUT DO NOT RISE ABOVE THIS LINE

By M, T. L. BIZLEY, FIA,, F.8.S,, F.LS,

WHITWORTH() deals in Chapter v of Choice and Chance with the problem of
finding the number of minimal lattice paths from (o, 0) to (k, k) which do not
cross the line y =x. By a lattice path is meant a path joining two points with
integral coefficients by a line composed of horizontal and vertical steps of unit
length. A minimal lattice path from (o, 0) to (x, y), say, is a lattice path where

the total number of steps 1s (x +¥); in other words, all the steps are onwards.
[n what follows minimal lattice paths only will be considered, and the words
‘minimal lattice’ will be omitted.

Although Whitworth deals only with the case where the boundary line (i.e.
the line which the path must not cross) is y=2x, the more general case of a
boundary ay=x has been solved ?rovided ® I8 & positive integer(2), 3). The

number of paths from (o, o) to («
v =g s o (Ja +1)
YEER N 1 )

Grossman¢) announced without proof in 1950 a formula for the number of
paths from (o, 0) to (km, kr) which may touch but never rise above the line
my = nx, where k is a positive integer and m and # are coprime positive integers;
thus (km, kn) is any point having positive integral coefficients. Grossman’s

formula is EFEFS Rk ...,

where ;= = ! (Jm.+1n) ’
m

I) which may touch but never rise above
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